This short note relates to a famous problem first posed in the seminal paper [BS96] : find some general conditions on a graph G under which p c < 1. In particular they conjectured (question 2 ibid.) that if the isoperimetric dimension is > 1 then this holds. The isoperimetric dimension is defined for an infinite connected graph G by dim(G) := sup d ≥ 1 : inf
where the infimum is over all finite non-empty S ⊂ G. ∂S is the set of edges with one vertex in S and the other in G \ S.
A number of partial cases of this conjecture have been proved. In [BS96, theorem 2] it was proved that a positive Cheeger constant (i.e. |∂S| > c|S|) implies p c < 1. In [PS04] this was proved for graphs with satisfy some complicated conditions on the geometry of the minimal cut-sets. Here we shall show this under one technical condition (polynomial growth) and one more essential condition (planarity).
I wish to thank Itai Benjamini for many fruitful discussions.
Theorem. Let G be a planar graph such that
(1) There exist numbers K and D such that for all v ∈ G and any r ≥ 1 one has for the ball B(v, r) that |B(v, r)| ≤ Kr D ; and (2) There exist numbers k, ǫ > 0 such that for any finite non-empty S ⊂ G, |∂S| ≥ k|S| ǫ .
Let p c be the critical p for independent bond or site percolation on G. Then p c < 1.
Proof. We use Peierls argument, which states that p c < 1 whenever the number of minimal cut-sets of some vertex v ∈ G is exponential (or less). See e.g. [G99, page 16]. Here a cut-set of v is a set of edges S such that v is in a finite component of G \ S. The cut-set is minimal if any S ′ S is not a cut-set. Since G is planar we can define its dual graph G * by making any face of G to be a vertex of G * and matching any edge e of G to an edge e * of G * between the two faces of G on the two sides of e. Notice that G * may contain loops and multiple edges. G * is also a planar graph and its faces correspond to vertices of G -let v * be the face corresponding to v. A cut set S of G is mapped to a closed path S * in G * such that v * is in a finite component of G * \ S * and a minimal cut set corresponds to a simple closed path. Thus we need to show that the number of simple paths of length n separating v * from infinity is ≤ C n for some n. If, for example, G * happens to be a graph with bounded degree (as in [PS04] ) we could have finished here. In general, however, G * could have unbounded degree and even single vertices with infinite degree. It will be easier to examine open paths. Let us therefore fix two vertices a = b ∈ G * and examine the number p = p(a, b; n) of simple paths of length n starting from a and ending at b. We shall now show that p(a, b; n) ≤ C n and then we shall be mostly finished. Let p(n) := max a =b∈G * p(a, b; n). We wish to find an inequality connecting p(n) and p(2n).
Let therefore a = b ∈ G * and assume γ, δ are some simple paths of length 2n between a and b. For every edge of γ there are two faces of G * on each sidelet {v 1 , . . . , v 4n } be the complete list. Let e be the n'th edge of δ, and let w 1 , w 2 be the two faces of G * on both sides of e. Let w be the w j which is contained in a finite component of G \ (γ ∪ δ). Let v i be one of the {v 1 , . . . , v 4n } which is in the same component of G \ (γ ∪ δ). The path enclosing this component in G * (which is the same as ∂ in G) is ≤ 4n and therefore by the isoperimetric inequality we see that the distance in G between v i and w must be ≤ (4n/k) 1/ǫ . Thinking about this as w ∈ i B(v i , (4n/k) 1/ǫ ) and using the polynomial growth we see that w has ≤ 4nK(4n/k) D/ǫ possibilities. Again by polynomial growth we know that every face of G * has no more than K sides, so e has ≤ 4nK 2 (4n/k) D/ǫ possibilities and the same holds for the middle vertex of δ. Since this holds for every δ we are left with the inequality p(2n) ≤ 4nK 2 (4n/k) D/ǫ p(n) 2 . An identical argument shows that p(1) ≤ (2/k) 1/ǫ and from here a simple induction shows that p(2 n ) ≤ exp(C2 n ) where C = C(k, K, ǫ, D) is independent of n. This obviously implies p(n) ≤ C n for some other C.
To finish the theorem, let v ∈ G and examine a minimal cut-set S of size n. Since S is the boundary of the component of G \ S containing v, we see that this component has size ≤ (n/k) 1/ǫ and in particular it is contained in B(v, (n/k) 1/ǫ ). By polynomial growth we see that there are no more than K(n/k) D/ǫ possible vertices in the component and hence no more than K 2 (n/k) D/ǫ edges which may participate in the cut-set. For each of these edges e, a cut-set containing e is, viewed in G * , e * ∪ {an open simple path of length n − 1}. Therefore the number of possibilities for a minimal cut-set is ≤ K 2 (n/k) D/ǫ p(n − 1) ≤ C n for some C. This proves the theorem.
